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Combined Conduction and Correlated-Radiation Heat Transfer
in Packed Beds

K. Kamiuto,* M. Iwamoto,t and Y. Nagumot
Oita University, Oita 870-11, Japan

A quasihomogeneous model for heat transfer in a plane-parallel packed bed of opaque spheres is presented.
The proposed model takes into account the variable porosity distribution within a packed bed and the correlated
radiative properties of packed spheres having gray diffuse surfaces. On the basis of the proposed model, combined
conductive and radiative heat transfer through comparatively thin packed layers of cordierite spheres or oxidized
steel spheres are analyzed numerically and the obtained results are compared with the experimental ones.
Additionally, the adequacy of a simplified analytical formula for the total effective thermal conductivities of a
packed bed is discussed. It is found that the detailed theoretical model accurately predicts the heat transfer
characteristics and the temperature profiles of the plane-parallel packed beds, and the predictions derived from
the approximate formula well-correlate with the present experimental data for the total effective thermal
conductivities.
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Nomenclature
mean diameter of packed spheres, m
volume fraction of a packed bed
incident radiation, W/m2

asymmetry factor of the phase function of a
packed bed
asymmetry factor of the surface-scattering
phase function of diffuse spheres, - 1
intensity of radiation, W/m2-sr
intensity of blackbody radiation, W/m2-sr
thermal conductivity of a continuous phase,
W/mk
approximate total effective thermal
conductivity defined by Eq. (28), W/mk
total effective thermal conductivity of a
packed bed, W/mk
effective thermal conductivity by conduction
alone, W/mk
thermal conductivity of a dispersed phase,
W/mk
conduction-radiation parameter
modified conduction-radiation parameter
number density of packed spheres, beads/m3

surface-scattering phase function
azimuthally averaged surface-scattering phase
function
total heat flux, W/m2

temperature, K
temperature defined by 771000, K
mean bed temperature defined by
(T, + T2)/2, K
distance from the hot boundary, m
thickness of a packed bed, m
distance from a boundary surface, m
extinction coefficient of a packed bed, m"1

transformed extinction coefficient, m"1

extinction coefficient ratio
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Subscripts
1
2

Superscripts

total hemispherical emissivity
dimensionless distance from the hot
boundary, y/y0
scattering angle
dimensionless temperature, TITl
dimensionless temperature of the cold
boundary, T2/Tl
quantity defined by kslka
dimensionless effective thermal conductivity,

representative wavelength of radiation within
a bed, /mi
dimensionless distance from a boundary
surface, zldp
dimensionless packed bed thickness, yQ/dp
quantity defined by £ - 0.6
total hemispherical reflectivity
Stefan-Boltzmann's constant, W/m2K4

absorption coefficient of a packed bed, m"1

transformed optical thickness
porosity
dimensionless incident radiation, G/crT*
albedo
transformed albedo

= hot boundary
= cold boundary

= dimensionless quantity
= mean quantity

Introduction

S TUDY of simultaneous conduction and radiation heat
transfer through a packed layer of solid spheres is of

practical importance in connection with thermal designs of
pebble-bed-type gas-cooled reactors, catalytic converters, etc.,
and there exists much literature on this subject.1"5 Generally,
theoretical models adopted in these previous studies may be
classified into two categories: 1) cell model,1'2 and 2) quasi-
homogeneous model.3"5 Of these, the former model could
not take into account the long-range effects of radiative trans-
fer through the voids of a packed bed, and therefore, leads
to serious errors in evaluating the heat transfer characteristics
of a comparatively thin packed bed. Moreover, this model
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involves a lot of adjustable parameters that must be deter-
mined experimentally. On the other hand, the quasihomo-
geneous model readily enables us to take into account the
long-range effect of radiative transfer because, within the
framework of this model, radiative transfer through a packed
bed is governed by the equation of transfer, and thus, radia-
tive transports such as radiative heat flux may be accurately
evaluated even for a comparatively thin packed bed by solving
numerically the equation of transfer. However, at that time,
the radiative properties appearing in the equation of transfer
are required to be known, and it is essential for the quasi-
homogeneous model to describe these quantities in terms of
void fraction, particle size, and surface reflectivity of the par-
ticles. Unfortunately, uncorrelated-scattering theory such as
Mie's theory6 is not appropriate for this purpose because this
theory fails to elucidate experimental results for the radiative
properties of packed beds,7 and the correlated-scattering theory8

should be utilized.
In the present study, first, a quasihomogeneous model for

packed-bed heat transfer at high temperatures is described.
Then, to discuss the validity of the theoretical analyses based
on this model, simultaneous conduction and radiation heat
transfer within comparatively thin packed layers of cordierite
beads or oxidized steel beads are studied both experimentally
and theoretically. In the experiments, utilizing a guarded hot-
plate-type apparatus, the temperature profiles and the heat
transfer characteristics of two kinds of packed beds were
measured by varying the hot boundary temperatures from 320
to 870 K or 1070 K. In the theoretical analyses, both the
energy equation and the equation of transfer were derived
from the proposed model and were solved numerically using
finite differences under conditions corresponding to the ex-
periments.

Finally, predictions based on a simplified analytical formula9

for the total effective thermal conductivities of a packed bed
are compared with the present experimental data.

Theoretical Model

Basic Assumptions
The present model is based on the following assumptions:
1) The packed bed consists of large solid spheres and a gas

and is bounded by two separate infinite plane-parallel plates.
2) The packed bed is continuous for heat transfer and is at

steady state.
3) Heat transfer through the packed bed is due to conduc-

tion and radiation.
4) Local porosity within the packed bed varies with distance

from both boundaries alone, and the porosity distribution is
symmetric with respect to the midplane of the packed bed.

5) The two boundaries of the packed bed are maintained
at constant but different temperatures and are considered to
be gray diffuse emitters and reflectors.

6) The total hemispherical emissivity of the hot boundary
depends on temperature, while that of the cold boundary is
independent of temperature and is assumed to be unity.

7) Packing spheres are opaque and have gray diffuse sur-
faces, and the radiative properties of a packed bed can be
predicted on the basis of the correlated-scattering theory.8

8) The thermal conductivities of a gas and solid spheres
depend on temperature.

9) A local thermodynamic equilibrium exists within the
packed bed.

Governing Equations
Under the foregoing assumptions, the energy equation can

be written as follows:

where km(y) represents the effective thermal conductivity of
a packed bed at distance y from the hot boundary, and G(v)
the incident radiation defined by
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Here, 7(y, JJL) denotes the intensity of radiation.
The boundary conditions for Eq. (1) are

T= (2)

The transformed equation of transfer pertinent to the present
system8'10 can be given as

(3)

dy

The boundary conditions for Eq. (1) are as follows:

/ T4\
7(0, M > 0) - £,(70 —— ,

1(0, -/*')/*'

I(y0, M < 0) =
(4)

Multiplying both sides of Eq. (1) by yl/k^T^T^, we can
obtain the following dimensionless equation of conservation
of energy:

d6\ v . . d20+ A-<" s?
(5)

The corresponding boundary conditions may also be rewritten
as

77 = 0: 0 = 1, r? = 1: 0 = 02 (6)

Furthermore, dividing both sides of Eq. (3) by aT^/tr results
in

T0(Tj)7*(i,, M) = T0(r,)[l -

(7)

The boundary conditions for Eq. (7) can also be rewritten in
the dimensionless form

7*(0, 7*(0, -/*>'

/*(!, -fJi) = 02
(8)

where JJL > 0.
The dimensionless quantities appearing in the above equa-

tions are defined as follows:

), rj = y/y()

(9)

), NR = ks(

0 = TIT,, 02 = T2/T^ Am(7j)

*bto) = P(y)y0,
Effective Thermal Conductivity

To actually solve Eq. (5), Am needs to be known. For this
purpose, we utilize Bruggeman's effective medium theory.11'12
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In accord with this theory, \m is given by Eq. (10) for a gas-
solid packed bed

1 + VA)I2

VA)/2] 4- K} (10)

where A = 1 + (^)(/>S(K - 1)3/K2, and K = kjka.

Porosity Distribution Function
The porosity distribution within a packed bed must be de-

scribed explicitly, since Eqs. (5), (7), and (10) involve the
porosity as a parameter. We utilized the porosity distribution
function mathematically represented by Eqs. (11) and (12),
which were derived from the experimental data of Ridgeway
and Turback.13'14

For 0 ̂  f ^ 0.6

4>(£) = 1 ~ 3.10036f + 3.70243£2 - 1.24612£3 (11)

For 0.6 ̂  £ ̂  0.5&

= -0.1865exp(-0.22f{5)cos(7.66^) + 0.39 (12)

where & = £ — 0 .6 ,£= z/dp, and f0 = yjdp. Here, f0 must
be greater than about 10.

Radiative Properties
Solution of the equation of transfer requires the radiative

properties such as TO, o>, and P5(/A, ///) to be known. For usual
packed bed conditions, the radiative properties cannot be
given by simply summing the radiative properties of individual
spheres in the same way as Mie's theory,6 and correlation
between scatterers must be taken into account. Recently, one
of the authors proposed a semi-empirical correlated-scattering
theory,8 and showed the following:

1) A ratio of the extinction efficiency factor of packed spheres
to that predicted from Mie's theory, i.e., 2, increases with
the volume fraction of packed spheres fv.

2) The asymmetry factor of the phase function of opaque
packed spheres becomes small with increasing fv: the back-
ward scattering due to spheres within a bed is augmented by
the presence of intercorrelation between packed spheres.

3) The scattering albedo decreases slightly as/v increases.
On the basis of this correlated-scattering theory, the scaled

radiative properties for a packed bed are described in the
form

l]y0/4

= I.5(y0/dp)[l

0) = p(fj)

') = f p.<e) g

(13)

(14)

(15)

PS(Q) = (8/37r)(sin 9 - 6 cos 0) (16)

y2 = 1 + 1.5[1 - #1,)] - (1)[1 - <Kr7)]2 (17)

where PS(Q) represents the surface-scattering phase function
of a diffuse sphere.15 It should be stressed that these expres-
sions hold under the conditions that packed spheres are opaque
and have gray diffuse surfaces, and the size parameter of the
spheres defined by 7rdpIXw is greater than about 100. Here,
Xw is given by 2897.6/Tm /mi. Moreover, the present corre-
lated-scattering theory includes an uncorrelated-scattering case
which may be observed in tenuous media, and for such a case
y2 becomes unity. The present uncorrelated-scattering cal-

culations are carried out by assuming y2 = 1 in Eq. (13), and
utilizing Eqs. (14) and (15).

Heat Transfer Characteristics
The total heat flux across a packed bed is calculated from

Multiplying both sides of Eq. (18) by yJk^T^T^ yields

The mean total effective thermal conductivities of a packed
bed between T2 and Tl can be evaluated by

Similarly, km is calculated from

(20)

(2D
Numerical Methods

Obviously, it is not amenable to obtain analytical solutions
to Eqs. (5) and (7), and thus we must resort to numerical
means. The energy equation was solved by an implicit finite
difference method utilizing central differences for all deriv-
atives, while the radiation term and one of the conduction
terms, (dAw/dry) (dfl/drj), were treated as iterative ones. For
the finite difference calculations of the energy equation, the
thickness of a packed bed was divided into 2000 equally spaced
increments, and thus the temperatures within a bed were
obtained on the 1999 conduction lattice points. Furthermore,
in order to evaluate the dimensionless incident radiation in
Eq. (5), the equation of transfer was solved by Barkstrom's
method16: a 20th Gaussian quadrature formula was used to
evaluate the angular integral, and the optical thickness of a
packed bed was divided into 400 equally spaced increments
for depth discretization. Since the dimensionless incident ra-
diations were directly obtainable only on the 401 radiation
lattice points, the dimensionless incident radiations on the
1999 conduction lattice points were evaluated utilizing a cubic
spline interporation from the known dimensionless incident
radiations on the radiation lattice points.

Actual computations have been proceeded according to the
following procedures: first, to obtain a first approximation to
0(77), the equation of transfer was solved by Barkstrom's
method, regarding the temperature field as known. We as-
sumed 0(0) = — (1 — 82) TI + 1 as a first approximation to
0(17). Once ^(77) was obtained, the energy Eq. (5) can be
readily solved with respect to 9 as a set of tridiagonal simul-
taneous linear equations. Thereafter, the derived solution on
6 was substituted into Eq. (7) to get a new solution of the
equation of transfer. Similar computations were performed
until the following criterion was satisfied:

10- (22)

where the superscript n denotes the nth order approximation.

Experiment

Experimental Apparatus
The experimental apparatus utilized in the present study

has almost the same structure and the same dimension as those
described in Ref. 17, and therefore, we only refer to a point
of difference. Two kinds of the hot end units (0.3 x 0.3 m2)
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were used: one was made of 0.005-m thick SUS316 plates,
and another was made of 0.005-m thick SUSS 10 plates. On
the other hand, the cold end unit was made of SUS316 plates
and was coated with black flat paint. The SUS310 and SUS316
plates utilized here were oxidized at 1000 K for 10 h. The
total hemispherical emissivities of the SUS316 plates5 were
given by

= 0.34456 + 0.48851? - 0.16799?2 (23)

while those of the SUS310 plates were described by

£l - 0.031538 + 0.38714? (24)

The SUS310 plates were used for the steel bed, while the
SUS316 plates were utilized for the cordierite bed. The total
hemispherical emissivity of the cold boundary surface was
assumed to be unity.

Packing Materials
Two kinds of solid spheres were used as packing materials,

i.e. , steel and cordierite (2 MgO • 3 A12O3 • 5 SiO2). The carbon
content of steel beads was 0.5 wt%. The mean void fraction
of cordierite was 0.164. The mean diameter of the steel beads
was 0.011 m and that of the cordierite beads was 0.00694 m.
These beads were almost spherical in shape and their surfaces
were diffuse. The total hemispherical reflectivities of the steel
beads18 were assumed to be 0.2, irrespective of the temper-
ature, while those of the cordierite beads19 were given by

p = 0.2695 - 1.749? 4.5495?2 - 3.6186?3 + 0.9418?4

(25)

The thermal conductivities of steel20 were approximated by

ks = 57.705 - 11? (26)

The thermal conductivities of cordierite21 were given by

ks = 1.7505 - 0.12597? - 0.01501?2 + 0.0039789?3

(27)

Experimental Procedures
Fourteen or ten chromel-alumel sheathed thermocouples

of 2.3 x 10~3 m diam were vertically installed in the central
part of the test section. The thickness and the porosity of the
packed layer are shown in Table 1. The hot end units were
placed in position, and the insulation was packed around the
units to prevent heat losses. In each run, it took about 8 h to
reach steady state, which was maintained for at least 1 h before
measurements were made. The temperature of the hot bound-
ary was varied from 320 to 870 or 1070 K, while the temper-
ature of the cold boundary was maintained within the ap-
proximate range of 290-320 K. All the experiments were done
in air at atmospheric pressure.

Table 1 Characteristic values of the cordierite bed and the
oxidized steel bed

Mean diameter
dp vm)

Bed thickness
yQ (m)

y^/dr,

Cordierite beads

6.94 x 10-3

0.086
12.4

Steel beads

1.1 x lO-2

0.108
9.82

Mean porosity

Results and Discussion

Temperature Profiles
Typical temperature profiles of the steel packed bed and

the cordierite packed bed are shown in Figs. 1 and 2 where
the theoretical predictions are denoted by solid lines. As seen
from these figures, the theoretical temperature profiles are
characterized by steep gradients at the walls and undulations
over the whole bed. These are attributable to the fact that
the local effective thermal conductivities of a packed bed vary
in accord with the local porosity distribution through Eq. (10).
Although there exists little discrepancy between theory and
experiment, the agreement between them is acceptable within
the accuracy of the present measurements.

Heat Transfer Characteristics
Results for the mean total effective thermal conductivities

are shown in Figs. 3 and 4, where the numerical results based
on the uncorrelated-scattering theory mentioned earlier are
denoted by dot-dashed lines, and the exact numerical results
are represented by solid lines. The agreement between the
exact numerical results based on the correlated-scattering the-
ory and the experimental ones is excellent, and this confirms
the validity of the present analyses based on the proposed
model. Moreover, these figures show that the numerical anal-
yses based on the uncorrelated-scattering theory always over-
estimate the total effective thermal conductivities of the beds
in comparison with the exact analyses based on the correlated-
scattering theory. This is caused by the fact that the uncor-
related-scattering theory underestimates the optical thickness
of a packed bed and simultaneously overestimates the forward
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0

—: Theoretical

Cordierite bed

0.2 0.4 0.6 0.8 1.0

No. Symbol Ti(K) T?(K) Tm(K)
1 O 372.8 296.2 334.5
2 n 572.9 297.4 435.2
3 A 777.2 297.6 537.4

Fig. 1 Temperature profiles within a packed bed of cordierite spheres.
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S tee l bed
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1.0
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No. Symbol T T ( K ) T2(K) Tm(K)
1 o 373.2 291.9 332.6
2 n 573.3 298.3 A3 5.8
3 A 872.9 317.7 595.3

Fig. 2 Temperature profiles within a packed bed of oxidized steel
spheres.
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3 Relation between mean total effective thermal conductivities
mean temperatures for a packed bed of cordierite spheres.
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Fig. 4 Relation between mean total effective thermal conductivities
and mean temperatures for a packed bed of oxidized steel spheres.

scattering due to packed spheres and, as a result, overesti-
mates the contribution of radiation heat transfer in evaluating
the total effective thermal conductivities.

However, it should be noted that in the case of thick non-
absorbing media such as glass bead layers,22 the difference
between the uncorrelated-scattering calculations and the cor-
related-scattering ones for the mean total effective thermal
conductivities of the packed bed is negligible, because the
interaction between conduction and radiation is intrinsically
weak, and the effect of the increase in the extinction coeffi-
cient on radiation heat transfer is canceled by the enhance-
ment of the forward scattering due to packed spheres.

Examination of an Analytical Formula for the Total Effective
Thermal Conductivities of a Packed Bed

It is shown throughout the present study that the theoretical
analyses based on the proposed model are accurate in pre-
dicting the heat transfer characteristics of a packed bed, but
this never discounts the usefulness of an approximate ana-
lytical formula for the total effective thermal conductivity.
Recently, we have derived an analytical formula, Eq. (28),
utilizing the optically thick limit to the Pl equations and the
correlated-radiative properties of diffuse packing spheres, to-
gether with the constant porosity assumption

k^(Tm)lka = km(Tm)lka + (l)/(NR(l - cog)] (28)

NR is defined by

NR = (29)

Unlike the aforementioned scaled radiative properties, the
radiative properties appearing in Eq. (28) take into account
the diffraction scattering due to individual spheres and are

- o ; cordierite bed 1
- a : steel bed

1.0

iJ7

J experimental

1 1

300 AGO 500
Tm(K)

600 700

Fig. 5 Correlation between predictions derived from Eq. (28) and
the present experimental results for the total effective thermal con-
ductivities.

defined as

g =

ft = 3y2(l - fild,

= [1 + (2y2 - I)p]/2y2

(2y2 - l)pg,]/[l + (2y2 -

(30)

(31)

(32)

Correlation between the present experimental data and the
predictions derived from Eq. (28) is shown in Fig. 5. Strictly
speaking, the mean total effective thermal conductivity 4PP
defined by

rJT2

should be used in Fig. 5, but kapp(Tm) is shown instead of £app,
because kapp(T) can be well-approximated by a linear function
of temperature as long as the present packed beds are con-
cerned and, under this condition, £app is identical with fcapP(Tm)-
As seen from this figure, the agreement between prediction
and experiment is satisfactory, and this justifies the use of
Eq. (28), instead of the exact analyses, for predicting the total
effective thermal conductivities of a plane-parallel packed bed
with yddp ^ 10. The comparison between the predictions
derived from Eq. (28) and other experimental data reported
in the literature was made in Ref. 9.

Conclusions
The major conclusions that can be drawn from the present

study are as follows:
1) The present packed-bed heat transfer model yields ac-

curate results in predicting the mean total effective thermal
conductivities and temperature profiles of a plane-parallel
packed bed.

2) Simplified analytical formula for the total effective ther-
mal conductivities of a packed bed, Eq. (28), well-correlates
with the present experimental data.
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